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Orientation of vortices in a superconducting thin film: Quantitative comparison
of spin-polarized neutron reflectivity and magnetization
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We present a quantitative comparison of the magnetization measured by spin-polarized neutron reflectivity
~SPNR! and dc magnetometry on a 1370 Å-thick Nb superconducting film. As a function of magnetic field
applied in the film plane, SPNR exhibits reversible behavior whereas the dc magnetization shows substantial
hysteresis. The difference between these measurements is attributed to a rotation of the vortex magnetic field
out of the film plane as the applied field is reduced. SPNR measures only the magnetization parallel to the film
plane, whereas dc magnetization is strongly influenced by the perpendicular component of magnetization when
there is a slight sample tilt; thus combining the two techniques allows one to distinguish two components of
magnetization in a thin film.
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I. INTRODUCTION

The current transport properties of type-II supercondu
ors depend critically on the mobility of vortices and, ther
fore, the subject of vortex pinning has attracted considera
attention.1 Since the addition or removal of a vortex requir
an encounter with the superconductor’s surface, the inte
tion of vortices with surfaces and interfaces play an imp
tant role in the current transport properties.2,3 For thin-film
superconductors, the surface has a substantial effect on
tex behavior. In this case, a large anisotropy between vo
ces parallel or perpendicular to the film plane might be
ticipated. For example, recent studies of artificially layer
superconducting thin films suggest that vortices paralle
the surface can order spatially due to the interaction with
surface4.

In studies of thin-film superconductors it is useful to a
ply the magnetic field parallel to the surface. This geome
can, however, be problematic for experiments. A magnet
tion measurement presents special difficulties due to
large demagnetization factor perpendicular to the surf
combined with a small sample tilt angle that is unavoidab
On the other hand, local probe techniques, such as the B
method, scanning probe techniques, and Lorentz microsc
are constrained to measure the magnetic flux as it eme
through the surface~i.e., vortices are perpendicular to th
surface!. Alternatively, small-angle neutron-diffractio
methods require large volume samples so that thin films c
not be studied. Since the selection rules for the specula
flection of spin-polarized neutrons from a thin film guara
tees that only the magnetization parallel to the surface
measured, spin-polarized neutron reflectivity~SPNR! should
be useful for measuring the magnetization of thin-film sup
conductors.

The application of SPNR to thin-film superconducto
was demonstrated by Felcheret al.5 where the London pen
etration lengthlL was measured for Nb. Further refineme
PRB 620163-1829/2000/62~14!/9784~7!/$15.00
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of this technique for Nb by Zhanget al.6 included the effect
of the electron mean free path onlL . The same technique
was also used to determinelL for high-temperature super
conducting oxides.7 All of these studies were performed a
low field, belowHc1. Recently, it was demonstrated8,9 that
SPNR is also useful at higher fields, aboveHc1, where it can
yield information on vortices. In particular, Hanet al.8 ex-
tracted the average vortex density for the field parallel t
thin film of YBa2Cu3O7-x ~YBCO! and a large hysteresi
loop was observed.

In this paper, we compare SPNR and dc magnetiza
measurements on a Nb thin film for the field applied para
to the surface. The two measurements exhibit different fi
dependences: hysteresis is observed for the dc magne
tion, whereas the SPNR is reversible. The difference is
tributed to the magnetic field of vortices that is genera
perpendicular to the film plane as the applied field is d
creased. By quantitatively comparing the SPNR and mag
tization measurements, we have deduced the rotation of
magnetic field as a function of the applied field.

II. EXPERIMENTAL DETAILS

A Nb/Al thin-film bilayer was grown by sputter depos
tion on a 1-cm2 (11̄02) single-crystal Al2O3 substrate.10 A
50-h pumpdown in a UHV-compatible stainless-ste
vacuum chamber was preformed with simultaneous subs
baking at 520 °C. Before deposition a cold trap was fill
with liquid nitrogen, providing a base pressure of less th
131028 Torr. Sputter deposition was performed under a
31023-Torr atmosphere of Ar. With the substrate tempe
ture held at 470 °C, a 1370-Å -thick layer of Nb was depo
ited at a rate of 8 Å /sec. Without breaking vacuum, th
substrate temperature was then reduced to 120 °C, an
760-Å -thick layer of Al was depositedin situ on the Nb
surface. The superconducting transition temperature was
9784 ©2000 The American Physical Society
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PRB 62 9785ORIENTATION OF VORTICES IN A . . .
termined to beTc59.2560.25 K from the magnetization
measured at 50 Oe, which is consistent withTc59.11 K
~transition width 0.06 K! found by four-probe resistivity
measured on an adjacently grown sample. The residual re
tivity ratio was measured to ber300 K/r10 K525.4.

The SPNR measurements were performed using
GANS reflectometer11 at the Missouri University Researc
Reactor~MURR! with a neutron wavelength of 2.35 Å. A
supermirror was employed to select the spin state of the n
tron beam to be perpendicular to the scattering plane, and
spin state could be switched using a flipper coil locat
downstream from the mirror. A polarization analyzer was n
used. The beam width at the sample position,.0.23 mm,
and the angular divergence of the beam, 0.018°, were m
sured in the scattering plane. During the data analysis,
instrumental resolution as well as the incident beam po
ization efficiency, 93%, were taken into account. The spe
lar reflectivity was consecutively measured for spin-up a
-down neutrons near the critical angle for total external
flection. The sample was mounted in a cryostat having
superconducting split-coil magnet where the field was
plied perpendicular to the scattering plane and parallel to
sample surface. The sample was always cooled to 260.2 K
in zero magnetic field before a field was applied.

A Quantum Design superconducting quantum interf
ence device~SQUID! magnetometer was used for the ma
netization measurements which were performed on the s

FIG. 1. ~a! The number of counts are measured as a function
scattering angle for spin-up and -down neutrons reflected from
Al/Nb/Al 2O3 film at 2 K and 1000 Oe.~b! The difference between
the spin-up and -down reflectivity divided by the average reflec

ity for the two spin states,DR/R̄, is obtained from the data in~a!.
The solid curves are calculated using the model of Ref. 8, wit
magnetic screening length of 490 Å and a uniform vortex density
15 mm22.
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sample used for the neutron experiments. This sample
cut to 0.3630.26 cm2, and placed in the magnetometer cr
ostat such that the sample surface was near parallel to
applied field. The tilt angle between the sample surface,
the applied field was set when it was mounted in the mag
tometer. The angular reproducibility was60.25° and the
zero angle was determined from a fit to the angular dep
dence of the dc susceptibility measured at low field. T
reported magnetization curves were obtained for the sam
cooled in zero magnetic field.

III. RESULTS

The number of specularly reflected spin-up and do
neutrons, measured as a function of the scattering angleu
for the sample held at 2 K and 1000 Oe, is shown in Fig
1~a!. The interference fringes arise from the finite thickne
of the film. A least-squares fit using a reflectivity model12

yields the Nb film thickness (1370610 Å ) as well as the
Al/Nb (30610 Å ), and Nb/Al2O3 (261 Å ) interface
roughnesses. Since the neutron-scattering cross section o
is small relative to Nb and the neutron absorption in Al
negligible, the Al layer had little effect on the measureme
X-ray specular reflectivity, measured on the same sam
gave an Al thickness of 760630 Å and a roughness of 70
616 Å at the air/Al interface, and the other quantities we
consistent with the neutron measurement. The magnetic c
tribution to the neutron reflectivity can be observed by plo
ting the difference between the spin-up and -down reflect
ties, DR, divided by the average of the spin-up and -dow
reflectivity, R̄, as shown in Fig. 1~b!.

The London penetration lengthlL for this sample was
obtained from a SPNR measurement at small applied fi
~600 Oe!, as shown in Fig. 2. Since the contribution of vo
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a
f

FIG. 2. The London penetration length was determined to

lL54906110 Å by measuringDR/R̄ as a function of angle at 600
Oe and 2 K, where the vortex density is negligible. The curves
calculated for different screening lengths without including vor
ces.



at

ity
os

di

t can
the
eld.
us

ing

e
he
lo

to

ol
0

ng

n
he
bu
o

m

d
olid
00

g-

ere
se
ec-

ly
best

9786 PRB 62S.-W. HAN et al.
tices to the magnetization is negligible at this field, the d
were fit8 assuming no vortices. This yieldslL5490
6110 Å, in agreement with previous work.5,6

In order to observe the effect of vortices, the reflectiv
was measured as a function of applied field at a single p
tion of 2u50.38°, whereDR/R̄ exhibits the first maximum.
Figure 3 shows the results for ascending and descen
fields. With ascending field~open circles!, it is seen that

FIG. 3. The field dependence ofDR/R̄ was measured at a singl
angle 2u50.38°, for ascending and descending field at 2 K. T
lines are a guide to the eye. London screening dominates at
field, but above;1000 Oe the introduction of vortices leads

saturation and the eventual reduction ofDR/R̄. No hysteresis is
observed upon reducing the field. The data point given by the s
square was obtained after cycling the applied field from 0 to 30
Oe, to23000 Oe, and finally to 600 Oe, which was the field duri
the measurement.

FIG. 4. DR/R̄ is measured as a function of angle at 2000 Oe a
2 K after reducing the field from 3000 Oe. It is shown that t
analysis is independent of the particular choice of vortex distri
tion. The curves are best fits for different spatial distributions
vortices: uniform distribution withni540 mm22, vortices in a
single row at the center of the film withni528 mm22, and vortices
in a double row about the center of the film withni533 mm22.
a

i-

ng

DR/R̄ increases steadily until;1500 Oe, where it begins to
decrease as large numbers of vortices enter the sample. I
also be seen that the data for descending field follow
ascending field data and there is no remanence at low fi
This reversible behavior is quite different from the previo
SPNR study of a YBCO film, whereDR/R̄ exhibited a large
hysteresis loop.8

The data were analyzed to extract the vortex density us

w

id
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-
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FIG. 5. The vortex densityni as a function of applied field is
determined at 2 K from the SPNR data in Fig. 3 assuming a unifor
spatial distribution of vortices,lL5490 Å, and the model of Ref. 8.
These results show thatni is independent of whether the applie
field is ascending or descending. The data point given by the s
square was obtained after cycling the applied field from 0 to 30
Oe to23000 Oe to 600 Oe.

FIG. 6. The magnetic moment determined by the SQUID ma
netometer and measured as a function of applied field at 2 K exhib-
its hysteresis. The arrows indicate the order in which the data w
collected, starting from an initially zero-field-cooled sample. The
results depend on the angle of tilt between the applied field dir
tion and the film plane. The inset shows the initial slope~linear
region without vortices at small field! of the magnetic moment as a
function of the tilt angle. Demagnetization effects quantitative
explain the low-field angle dependence and the solid curve is a
fit to Eq. ~3.5!.
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PRB 62 9787ORIENTATION OF VORTICES IN A . . .
a model presented previously.8 Although this requires the
spatial distribution of the vortices as input information, t
analysis of the present experiments does not depend on
choice of distribution, as shown in Fig. 4 for data taken
2000 Oe after the sample had been subjected to a fiel
3000 Oe. The three fitted curves correspond to different s
tial distributions: a uniform distribution~solid curve! with a
vortex density of 40mm22, vortices arranged in a single row
in the middle of the film~dashed curve! with a density of
28 mm22, and vortices arranged in a double row~dotted
curve! with a density of 33mm22. The given densities were
chosen to yield a best fit for each spatial distribution. Th
is only a small difference between the curves, because
interference between the reflections from the front and b
interfaces of the superconducting film dominates over
contribution from the vortex spatial distribution. This effe
depends on the relative nuclear scattering lengths of the
ers, and was not observed previously for YBCO/SrTiO3.

Using the magnetic screening lengthlL5490 Å and a
uniform distribution of vortices in the model of Ref. 8, th
average vortex density parallel to the surface,ni , was deter-
mined from the data of Fig. 3. The result, shown in Fig.
givesHc1;1000 Oe, and the vortex density is found to i
crease steadily at higher field. Also,ni exhibits reversible
behavior. The full angle-dependent curves forDR/R̄ are cal-
culated and compared with the data in Figs. 1~b!, 2, and
4—the good agreement demonstrates that it is sufficien
measureDR/R̄ at a single angle in order to obtainni .

We now discuss magnetization measurements that
vide additional information on the vortex behavior. Th
SQUID magnetization measured as a function of app
field for different tilt angles is shown in Fig. 6. For eac
angle, the sample was first zero field cooled to 2 K. T
magnetization was subsequently measured from zero to
maximum field, and then to zero field. AboveHc1 the mag-
netization curves do not show the maxima that have b
observed in some artificially layered superconductors,4 sug-
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gesting there are no transitions of the vortex distribution
the film. These data, as well as other measurements
formed at higher field~not shown!, permit an estimate of the
upper critical fieldHc2;53006300 Oe. From this, the co
herence length can be calculated:j5AFo/(2pHc2)5250
68 Å . This is somewhat smaller than the 390 Å obtain
for Nb by Proninet al., who also reported the London pen
etration depth to be 350 Å.13 Since the samples were grow
in the same sputtering system using the same procedure
difference might arise from the fact that the two techniqu
determine the coherence length in somewhat different wa
Using the magnetic screening length~490 Å! and coherence
length ~250 Å!, we estimate the lower critical field in
the thin-film limit,14 Hc15FoK0(j/lL)/(4plL

2)3(1
12e2t/2lL), to be;1000 Oe, which agrees well with bot
the SPNR ~Fig. 5! and the magnetization measuremen
~from the smallest tilt angle of20.5° in Fig. 6!.

The most striking features of the SQUID data are t
large hysteresis, in sharp contrast to the SPNR measurem
as well as the strong dependence on tilt angle. Both feat
are interrelated, and we first discuss the effect of angle.

If a magnetic fieldH' is applied perpendicular to th
surface of a superconductor, then the magnetization per
dicular to the surfaceM' is strongly affected by the geom
etry according to14,15

4pM'52
H'2n'Fo

~12N!
, ~3.1!

whereN is the demagnetization factor,n' is the component
of vortex density oriented perpendicular to the surface, a
Fo is the flux quantum:hc/2e520.679 Gmm2. Note that
n'Fo is just the component of magnetic field perpendicu
to the film plane. For a field applied parallel to the surface
a superconductor, assuming a uniform distribution of vo
ces, the magnetization parallel to the surfaceM i is obtained
by direct integration of the equations in Ref. 8,
4pM i5
1

t E2t/2

t/2 FH i H cosh~z/lL!

cosh~ t/2lL!
21J 1

niFo

2lL
E

2t/2

t/2 H e2uz2z8u/lL2e(z2t/2)/lL
sinh~@z81t/2#/lL!

sinh~ t/lL!

1e2(z1t/2)/lL
sinh~@z82t/2#/lL!

sinh~ t/lL! J dz8Gdz52~H i2niFo!H 12
2lL

t
tanhS t

2lL
D J , ~3.2!
-

ea-
the
an
on
d:
whereni is the component of vortex density parallel to t
surface. The magnetic field generated parallel to the sur
is niFe f f , where

Fe f f5FoH 12
2lL

t
tanhS t

2lL
D J ~3.3!

is the average effective flux quantum of a vortex that
screened by image fields due to the surfaces. For this sam
ce

s
le,

Fe f f50.37Fo . Figure 7~a! shows the magnetization ob
tained from the SPNR results of Fig. 5 using Eq.~3.2!.

In the SQUID magnetometer the magnetization is m
sured along the direction of the applied field, so when
sample surface is slightly tilted from the applied field by
angle u a projection of the components of magnetizati
parallel and perpendicular to the surface will be measure

M i cosu1M' sinu. ~3.4!
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9788 PRB 62S.-W. HAN et al.
This is demonstrated quantitatively for our data in t
low-field Meissner regime, belowHc1. In this regime, the
magnetization of a superconducting film at an angle with
applied field will be

4pMo52H cos2uH 12
2lL

t
tanhS t

2lL
D J 2

H sin2u

12N
.

~3.5!

The inset to Fig. 6 shows the slope of the low-field magne
moment data of Fig. 6 as a function of tilt angle, where t
solid curve is the result of a least-squares fit to Eq.~3.5! with
two free parametersN and a scale factor. The latter permi
an accurate determination of the magnetization, which a
contains small instrumental effects.16 As can be seen, the
curve represents the data quite well and we obtainN

FIG. 7. ~a! The magnetization as a function of applied field
determined from the SPNR data in Fig. 5 using Eq.~3.2!. ~b! Quan-
titative agreement between the SQUID and SPNR measurmen
achieved using the model described in the text. In~b! the small data
points are the SQUID magnetization measured at 2 K as a func
of applied field using the same field history as the SPNR exp
ment. The arrows indicate the order in which the data were c
lected. The open circles are the magnetization from the ascen
field SPNR data replotted from~a!, showing that the SPNR and
SQUID measurements lead to the same result: for ascending fi
the vortices are parallel to the film plane. The large solid circles
the descending field SPNR data converted to the conditions of
SQUID measurement assuming the model described in the text.
solid square comes from the SPNR data point measured after
cling the field to23000 Oe.
e

c
e

o

50.99860.0015, which is slightly larger than the valu
0.994 estimated for our sample geometry.17

More generally, we can include the effect of vortices
the magnetization measured with the SQUID by substitut
Eqs.~3.1! and ~3.2! into Eq. ~3.4!, which gives

4pM54pMo1niFe f f cosu1
n'Fo sinu

12N
, ~3.6!

whereMo is the Meissner term in the absence of vortice
given by Eq.~3.5!.

The conclusion is that the magnetometer is highly sen
tive to the component of magnetization perpendicular to
film. Although this component diminishes with decreasingu,
the demagnetization factor causes the denominator of
~3.1! to be small. Thus the SQUID measurements can, e
for very small angles of tilt, be dominated by the magnetiz
tion perpendicular to the film. This effect is also much larg
for the vortex contribution than in the Meissner regime, sin
the Meissner effect diminishes as sin2u but the vortex con-
tribution diminishes more slowly, as sinu. Therefore, we
conclude that the irreversibility observed in the SQUID me
surement is due toM' , since, the SPNR showsM i to be
reversible.

In order to quantitatively compare the SPNR and SQU
experiments, the SQUID magnetization was measured
following the same field history as the SPNR measurem
as shown by the small data points in Fig. 7~b!. This was done
for the sample tilt angle nominally set to zero. The op
circles in Fig. 7~b! are the ascending field SPNR data repl
ted from Fig. 7~a!. As can be seen, the SPNR and SQU
measurements give quantitatively the same magnetization
the virgin ascending field, indicating that the magnetizat
and vortices are parallel to the film plane. Moreover, t
quantitative agreement between the two data sets also
cates that sample tilt effects as well as any contribution fr
vortices perpendicular to the surface are insignificant for
virgin ascending field.

The SQUID and SPNR measurements differ only sub
quent to the virgin magnetization, which suggests tha
magnetic field due to vortices is generated out of the fi
plane as the applied field is reduced. Thus, for a descen
field, the data were analyzed using two components of m
netic field, one parallel (niFe f f) and one perpendicula
(n'Fo) to the film plane. The parallel magnetic field is o
tained directly from the SPNR measurement, and it is des
able to obtain the perpendicular field from the SQUID da
However, as can be seen from Eq.~3.6!, the perpendicular
field contribution to the SQUID magnetization also depen
on the sample tilt angle, which is not precisely known,
that an additional piece of information is required. It is fou
that good quantitative agreement between the SQUID
SPNR data can be obtained by assuming that the sum o
parallel and perpendicular magnetic fields is equal to
maximum trapped field,nimaxFe f f5niFe f f1n'Fo , where
nimax is the maximum vortex density parallel to the film
plane, which occurs at the maximum applied field. The la
solid data points in Fig. 7~b! show the SQUID magnetization
predicted from the SPNR data using this relationship an
tilt angle of 0.12°. Note that this angle is essentially zero
within the experimental error of setting the angle; howev
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PRB 62 9789ORIENTATION OF VORTICES IN A . . .
its finite size qualitatively impacts the shape of the magn
zation curve by determining the size of the hysteresis lo
The solid square SPNR data point was measured at 600
after cycling the field to23000 Oe. In that case, the max
mum density of vortices was assumed to be the same as
measured by SPNR at 3000 Oe, and this also gives g
agreement with the SQUID data. An alternative model wh
the total vectorial magnetic field is conserved, correspond
to (nimaxFe f f)

25(niFe f f)
21(n'Fo)2, gave a substantially

poorer comparison between the SPNR and SQUID data
though the qualitative trend was similar.

The perpendicular magnetic field can also be obtained
dependent of such models if a specific tilt angle is assum
In this case, we have chosen two angles: 0.5° and 0.12°.
former is twice the maximum that could have been set
perimentally, and the latter is the value obtained from
above model~which we take as the lower limit because
smaller angle would unphysically give n'maxFo

.nimaxFe f f). The result of this analysis is given in Fig. 8~a!
which shows the individual magnetic-field components. F
ure 8~b! shows the resulting angle between the magnetic fi
and the film plane:v5tan21(n'Fo /niFe f f).

FIG. 8. For descending applied field, the SQUID and SPN
measurements are used to determine the magnetic field in
sample.~a! The magnetic field parallel to the surface, given by t
solid circles, is obtained directly from the SPNR measurement.
perpendicular magnetic field, shown by the open circles (0.12°)
open squares (0.5°), is obtained by solving Eq.~3.6! using the
SQUID and SPNR data and by assuming the given sample
angles.~b! shows the angle between the magnetic field and
surface for the two assumed angles of sample tilt.
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IV. DISCUSSION AND CONCLUSIONS

The good quantitative agreement between the SQUID
SPNR data using the above analysis supports the basic
clusion that the initial magnetic field of the vortices is par
lel to the film plane and that it subsequently rotates perp
dicular to the film plane as the applied field is remove
Although the analysis presented in Fig. 7~b! assumes that the
trapped magnetic field is strictly conserved, one cannot d
this conclusion because of the uncertainty in the sample
angle. Figure 8 demonstrates the range of perpendic
magnetic fields that can be obtained, which depend upon
assumed sample tilt. Assuming the maximum tilt leads t
lower limit on the maximum trapped perpendicular magne
field: n'maxFo50.25nimaxFe f f . In this limiting scenario,
75% of the magnetic field leaves the sample when the
plied field is reduced to zero. In any case, it is safe to c
clude that a significant fraction of the magnetic field
trapped at remanance, and that it is oriented perpendicula
the film plane.

Based on previous studies, these results are different f
what one might expect. For example, our SPN
investigation8 of a YBCO thin film showed a large hysteres
loop and remanence, indicating a strong preference for
vortices to remain parallel to the film plane. From the sma
coherence length of YBCO one expects significantly stron
vortex pinning in YBCO than Nb. However, the rotation
the trapped magnetic field in Nb rather than the remova
vortices is not expected. Other studies of anisotro
superconductors18 have found that the vortex density perpe
dicular to the surface is essentially proportional to the p
jection of the applied field. However, those studies were p
formed on thick crystals, and the vortices were examin
upon field cooling. Given the isotropy of Nb, we expect th
the observed magnetic field rotation is due to the thin-fi
nature of the sample~thickness/lL;2.8!.

We can speculate on two surface-related mechanisms
give a lower equilibrium energy for vortices oriented perpe
dicular to the film plane. First the vortex density in the pe
pendicular direction is no more than 37% of the maximu
parallel vortex density~becausen'maxFo<nimaxFe f f) and
this leads to a lower vortex-vortex repulsion for vortices
oriented perpendicular to the film plane. A second mec
nism relates to the weaker vortex binding energy~one-body
interaction! for the parallel geometry where there are tw
energy contributions arising from the surface:19 a repulsive
term due to the vortex interaction with the surface-screen
field, and an attractive term due to the interaction with t
image vortex. The repulsive term is proportional toH, and
will dominate at higher field, thereby leading to small
binding energy for vortices parallel to the surface. Wheth
these mechanisms are relevant will depend on kinetics
well as crystalline anisotropy. It could be that the latter pla
a role in the YBCO thin film.8

Also of interest are the pinning, rotation, and nucleati
behavior of vortices in this geometry. One might expect, t
first approximation, that the mechanism for vortex rotation
similar to vortex removal: the vortex line must move towa
a surface. However, the vortices appear to rotate rather
exit the sample, suggesting that opposite ends of a vo
line penetrate the opposite planar surfaces of the film. O

he
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rotated, the vortex pinning is much stronger in the perp
dicular geometry.3 Vortex rotation alone, however, does n
explain these results. Given the magnitude of the perpend
lar magnetic field found in Fig. 8, many additional vortic
must be generated when the field is reduced because
planar area of the film is nearly 105 times larger than the are
of the film’s edge. It might be that, with decreasing appli
field, the segment of a vortex that is parallel to the surfa
decreases in length~effectively giving a rotation, since, th
‘‘threading’’ segment perpendicular to the surface is const
in length! while, simultaneously, new vortices are nucleat
in order to increase the number of vortex threads that p
etrate the planar surface. Clearly, further theoretical and
in
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perimental work is necessary in order to gain a better und
standing of the vortex behavior in this geometry.
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